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Generaliziri aleunor probleme datela Olimpiada de Matematica a
Republicii Moldova
delon Bursuc
Motto: lisus le-a #ispunssi a zis: Adevrat, adeirat zic vod: Ma cautai nu
pentru & ati vazut minuni, ci pentruati mancat din paingi v-ati saturat.
(loan,cap.6,v.26)

1lsise descompdrin factori primi nundrul naturaln =1995120031200% O
Solutie:
Daci notim x =1997, atunci avem

n=(x-2)(x+6)(x+8+96=(x- J(x* + 14+ 4B+ 96
X° +14x% + 48— X% - 2&~ 96- 9& X+ 1R°+ 20=
x(x+2)(x+10) = 199711999 2007 31 223 1997 1¢

Generalizare:
Fie numerele naturaéeb,c,x cu 0<a<b<c,x>a. Daci exisé KON astfel Tncat

(a+ b+ 0)2 —4bc=Kk? si k are aceed paritate cu—a+b+c, atunci descompurign factori nunarul
(x—a)(x+b)(x+c)+abc.

Solutie:
Se obser¥ ci numirul din enun

n=(x-a)(x+b)(x+c)+abc=(x~a)[ x* +(b+c)x+bc]+abc
= x> +(b+c)x* +bex—ax® —(ab +ac) x - abc + abc
=x*+(b+c-a)x’~(ab+ac-bc)x=x x*+(b+c-a)x+bc-ab-ac|

Deoarece(b+c—a)” -4(bc-ab-ac) =a® +b? +c?+ 2ab— 2bc+ 2c=

(a+b+C)2—4bc=k2:n=x(x——a_b;C_k](x——a_b;Hkj.

Observatia 1 : In cazul particular cand = 2(b-a) obtinem
(a+b+c)’ —4bc=(a+b+20-2a)° - d(b-a)=(d-a)’- & + @b=
a—b—2(b—a)—a—b]

2

{X_a‘b‘Z(bZ‘a)+a+b]=X[x_ 2a;4b)[x_ 4a—22bj=

x(x—-a+2b)(x-2a+b)

:b2+a2+2ab:(a+b)2:>n:x[x—

2 2

2 Fiea>2 ,b>2 numere reale.$se demonstreze inegalitateg—2 + >16.

Generalizare:
Fie numerele reale strict pozitivi,a,,..a, , I;,f,,..1, si & >r,a,>r,....8,>T1,.



2 2 2

. a
Aritati ci a el +a,—2—+..+a, > Nar +at,+. .+apr,).
a-n a,~r, a, — Iy
Solutie:
Daci notim a, —r, =%, >0,k{L2,...n}, atunci avem
2 2 2 n 2 n 2
a +1,
a, & +a, 2 +ota, &, :Zak 8 = ZUKM:
aQ-n a _rz e R = X
n n
—Zak X, +2r, +—) Do (2 +2)=D o, .
k=1 k=1 k=1

Cazuri partlculare

1. Fie numerele reale strict pozitivg,a,,..a, , 1,,f,,..I, si & >r,a,>r,,....a, >r, Aratai ca

n !

a ar,  a ar
a, el +a,—2—+..+q . 24(—“+—2rz+...+—”")

n
a~-hn a-r a, —fy a 4 a

2. Fie numerele reale strict pozitivg,a,,a; , 1,,1,,I3 si & >r,8,>r,a,>r, Aratati ca
&, 0 | G 24(0'1;1_,_0'{2 a3r3j
&-—n a,"r, az=r; a & a3
3. Fie numerele reale strict pozitivg,a,,a; , 1,,l,,I; si 8 >r,a,>r,a;>r, Aratati ca
aQ & as _4(a1r1+a2rz aarsj
a(a-n) a(a,-r ) aja;ry a a

1+z+7°

3.5 se demonstrezéidac zOC - R, iar ~0R, atunci|Z=1.

1-z+7°
Generalizare:
Fie numerele reale nenweb, ¢, d astfel incatad # bc si zOC —R astfel incat

oo . a+bz+az’ . o
c+dz+cz’ # 0.Aratai ci daci ———— OR, atunci|z =1 si reciproc.
c+dz+cz

Solutie:
a+bz+a22D]R a+bz+az? _a+bz+az?
c+dz+cz? c+dz+cz’> c+dz+c

ac+adE+ac?+bcz+bd|z|2 +

+bczZ? + acz? +ad zz° + acz?z2 = ac + adz + acz2+bcz+bd|4’ +bczz 2+

+acZ? +adzz? +acz?z? - ad (E— z) +bc(z—§) +be|z* (E— z) +ad|z|2(z—2) =0~
~ (2-2)| ad ~bc+be|2f" ~ad|4* | =0 - ad ~bc=(ad ~bc)|Z” - |4=1
Observatia 2: Dac consideim numerele reale nenukeb,c,d si k >0astfel incat

2 2
ad zbc,zOC -R,ck? +dkz+cz® 20, atunciwm% =|7=k
ck® +dkz+cz
Cazuri particulare

1+ 3z+ 72

1.Fie zOC-R astfel incatl—-z+ z* # 0.Aritati ci dac 1—DR atunci |7 =1si
-z+7

reciproc.
+27+

2. Fie zOC-R astfel incatl- z+ z* # 0. Aritati ca dac iZ#DR atunci |7 =1
-z+7

reciproc.



. . 5 e 143z+ 7 . .
3. Fie zOC-R astfel incatl+ z+ z° # 0.Aratati ca daci 1—2DR, atunci |7 =1si
+z+2z
reciproc.
4. Fie zOC -R,kOR’, astfel incatk? —kz+z?#0 , afitati ca
k? +kz+2°
——0OR = |Z=k.
k2 —kz+ 22 |Z|
5. Fie zOC-R,kOR’, astfel incatk’ —kz+z*#0 , aftati ca
2 2
KCradar? p oy
ke-kz+z
4 Fie sirul (an)nDN de numere reale ce satisface tialim (aml —%j =0. Si se demonstrezeic
n- o
lima, =0
n- o

Generalizarea 1:
Fiesirurile (a,) ., si (b,) ,, de numere reale ce satisfac tidkx

n- oo

a) Iim%:LD@ : b) b, 0(0,2) (O)nON;

9 lim byb,..b, =0.
Atunci rI]irrl,a =L
Solutie:
1 _ Gy
Deoarecel =,|1i[Tl a*”l__ B, =LI[TL blbzl"b" blbz'l'b"‘l si Lﬂﬁ:w folosind teorema lui
bb,..b, bb,.b _,
&
Cesaro-Stolz deducert ﬁiﬂlaﬂ = ”ﬂ% =L

bb,.. 0,
Observatia 3: In cazul in carey, =A10(0,1) (0)n= 1=
a,..-Aa, » L(1-A)OR=a - L.
Obesrvatia4: Daci A0(-1,0) (0)n=1si lim (a,,, - Aa,)=L(1-4)OR, atuncilima, = L.
n- oo n- o
Solutie:
Daci notim -A=v (0,1, atunci dina,,, -Aa, - L(1-A) deducem&
lim (a,,, +va,)=L(1+v). Dadi mai notm a,,, +va, = X,, atunci
n- o

Yo = Xpe1 ~VX = 8rup VB~V (B HVE,) = 8y, - VR =
lim y, =L(1+v)-vL(1+v) =L(1-v?) = lim &, =lim a,,,; =L=lm a, =L.
b

Generalizarea 2: Fiesirurile de numere realéa,) X

(D) o s AvO(-11) astfel incatdv =0
lim (a,,;, —Ab,) =lim (b,,; —va,) =0. Aratai ci lim a, =lim b, =0.
n- oo n-oo

n-o n- o
Solutie



DacaA =0sauv =0concluzia este evidentDacaAv >0, atunci fiea :\/Z si cum
%
A
(an+1_/]Q1)+a(bn+1_V‘an) - 0:>(an+l+at%+1)_av a, +Ebn -0
= (@, +ab,,,) —kJAv (a, +ah,) -~ 0= a, +ab, - 0 undek =signv @)

Analog, (a,,, - Ab,)-a(b,,,~va,) - 0= aﬂ+1—0’bn+1+0"/(an _%bnj -0

=a,, -ah,.,,+kJiv(a,—ab,) - 0=a,-ab, - 0 )
Din (1)si (2) oktinem lima, =limb, =0.

Cazuri particulare

1. Fiesirurile de numere realéeﬁ)nDN ,(bn)nDN astfel incat

Limo(an+l —%bnj = Li@oo(bm—%anj =0. Aratai ci lim a_ =lim b, =0,

n-oo n-o

2. Fiesirurile de numere real@eﬁ)nDN ,(bn)nDN astfel incat

lim (am +%bnj = lim (bn+l+?13an] =0. Aratai ca lim &, = lim b, =0.

n- o n- oo n- o

3. Fiesirurile de numere realéeﬁ)nDN ,(bn)nDN astfel incat

n-oo n- oo n- o

Limo(an+l —%bnj = lim (bnﬂ—%anj =0. Aratai ca lim a, = lim b, =0.

4. Fiesirurile de numere realéaaﬂ)nDN ,(bn)nDN astfel incat

n-o n- o

lim (am +%q1j =lim (bm +—;anj =0. Aratai ca lima, =lim b, =0.

X+2
, arctg 6
Ssise calculezq ——X*0 __ax.
0 16+ x—x
arctg——————
18
Generalizare:
. arctg x:a
Fie 0<a<bsi 0<a <. Calculai | X+ p —dx.
aarctg(a+ﬁ)(a+b)+2aﬁ+ 2(a+b)x-
(B-a)(a+b+a+p)
Solutie:
b b
Fiel integrala de calculat. Folosind formuja f (x)dx:J f(a+b-x)dx,
a a
arC,[ga+b+a—x
atb+[-x

dx=

b
Of :[a,b| - R integrabifi,obtinem:l =
[at] J ’ J, (a+p)(a+b)+2a8+2(a+b)x- 2

arctg (,B—a)(a+b+a+,8)




x+ta atb+a-x

X+ atb+p-x

® arcig (a+pB)(a+b)+2a8+2(a+b)x- 23
(B-a)(a+b+a+p)

ty

arctg

:m:j

+a

dx .Este cunoscatformula:

+b+a-x

arctgx+arctgy = arctg X ,cu xy<1. Deoareccx

1-xy

X+a at+b+a-x
arctg +arctg—— =

X+ atb+pB-x

x+a+a+b+a—x

ar

<1,0x0 [a, b] obtinem

X+ a+b+pB-x

(a+pB)(a+b)+2aB+2(a+b)x- 2

+ +b+ 43—
X+ a+b+fp-x - arcig
_X+a a+b+a-x

X+f[ atb+[p-x

ctg

b-a

de unde deducemi@l =b-a=1 =

X+1
ar

(B-a)(a+b+a+p)

ct
1. Sise calculezq g Tx+2
a 3(a+b)+4+ 2(a+b)x- 2

arct
9 a+b+3

arctg X+1
X+2

10+ 4x— 23
5

2

2. Sase calculez§0
arctg

X+1

arctg——
b gx+3

3. Sase calculezq

a 4(a+b)+6+ 2(a+b)x— 2

ardg 2(a+b+4)

arctgxi-'-l
X+3 _x.

5+ x— x>

1
4. S se calculezq.O

arctg
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dx,a<b.

dx ,a<b.



